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NONCOMPLEX SMOOTH 4-MANIFOLDS WITH
LEFSCHETZ FIBRATIONS
MUSTAFA KORKMAZ
1. Introduction
Recently, B. Ozbagci and A. Stipsicz [12] proved that there are infin-
itely many pairwise nonhomeomorphic 4-manifolds admitting genus-2
Lefschetz fibration over S2 but not carrying any complex structure with
either orientation. (For the definition of Lefschetz fibration, see [6].)
Their result depends on a relation in the mapping class group of a closed
orientable surface of genus 2. This relation with eight right Dehn twists
was discovered by Y. Matsumoto [9] by a computer calculation, and it
is the global monodromy of a Lefschetz fibration T 2×S2#4CP 2 → S2,
where S2 is the 2-sphere and T 2 is the 2-torus.
In this paper, we generalize Matsumoto’s relation to higher genus
orientable surfaces. We find a relation involving 2g + 4 (resp., 2g +
10) Dehn twists when the genus of the surface is even (resp., odd).
Following the method of Ozbagci and Stipsicz, for every positive integer
n, we obtain a 4-manifold Xn admitting a genus-g Lefschetz fibration
such that the fundamental group of Xn is isomorphic to Z ⊕ Zn for
every g ≥ 2. We then deduce that the 4-manifold Xn does not admit
any complex structure. This is the main result of this paper.
Theorem 1.1. For every g ≥ 2, there are infinitely many pairwise
nonhomeomorphic 4-manifolds that admit genus-g Lefschetz fibrations
over S2 but do not carry any complex structure with either orientation.
Our relation in the mapping class group given by Theorem 3.4 also
shows that the minimal number of singular fibers in a nontrivial genus-g
Lefschetz fibration over S2 is less than or equal to 2g+4 (resp., 2g+10)
if g is even (resp., odd). This result was also obtained independently
by C. Cadavid [3]. By definition, a Lefschetz fibration is nontrivial
if it admits singular fibers. Stipsicz proved in [14] that this minimal
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number is in fact 2g + 4 (resp., 2g + 10) if g is even (resp., odd) and
greater than or equal to 6 (resp., greater than or equal to 15) among all
4-manifolds with b+2 = 1. See [7] and [13] for the other results related
to this minimal number.
Here is how we obtain our relation in the mapping class group. Let Σg
be a closed connected orientable surface of genus g. The hyperelliptic
mapping class group of Σg is a quotient of the braid group B2g+2 on 2g+
2 strings. The quotient of the hyperelliptic mapping class group with
the cyclic subgroup of order 2 generated by the hyperelliptic involution
is isomorphic to the mapping class group of a sphere with 2g+2 holes.
The hyperelliptic mapping class group is equal to the mapping class
group when g = 2. Using these facts, we lift Matsumoto’s relation to
the braid group B6 and generalize it to a relation in B2g+2, although
we do not say so explicitly. We then project it to the surface Σg to get
our relation in the mapping class group of Σg.
For each positive integer n, by considering a product of conjugates
of our relation with appropriate mapping classes, we obtain a relation
in the mapping class group of Σg so that the fundamental group of the
corresponding symplectic 4-manifold Xn is isomorphic to Z ⊕ Zn. It
follows from [12, proof of Theorem 1.3] that a symplectic manifold with
fundamental group Z⊕ Zn admits no complex structures.
In the last section, we determine the diffeomorphism type of the
4-manifold X admitting a genus-g Lefschetz fibration over S2 corre-
sponding to our relation given by Theorem 3.4. If g is even, then X
is diffeomorphic to Σg/2 × S
2#4CP 2. For this, we use a result of Stip-
sicz asserting that the only 4-manifold with b+2 = 1 which admits a
(relatively minimal) Lefschetz fibration with 2g + 4 vanishing cycles is
Σg/2 × S
2#4CP 2.
2. Braid groups
The braid group B2g+2 on 2g + 2 strings admits a presentation with
generators σ1, σ2, . . . , σ2g+1 and relations
σiσj = σjσi if |i− j| ≥ 2
and
σiσi+1σi = σi+1σiσi+1 if 1 ≤ i ≤ 2g.
The subgroup of B2g+2 generated by σ1, σ2, . . . , σh is isomorphic to
Bh+1. We identify this subgroup with Bh+1.
In the group B2g+2, let us define the words ∆k = σ1σ2 · · ·σk and
∆¯k = σk · · ·σ2σ1 for each k = 1, 2, . . . , 2g + 1. We define ∆0 = 1 for
NONCOMPLEX 4-MANIFOLDS WITH LEFSCHETZ FIBRATIONS 3
the convention. For each k = 0, 1, . . . , g, let us also define
βk = ∆¯k∆2g+1−k∆
−1
2g−k∆¯
−1
k
and
β = ∆¯g+1g .
We have, for example, β0 = ∆2g+1∆
−1
2g , β1 = ∆¯1∆2g∆
−1
2g−1∆¯
−1
1 , and
βg = ∆¯g∆g+1∆
−1
g ∆¯
−1
g . Note that βk is the conjugate of σ2g+1−k with
the element ∆¯k∆2g−k.
The following lemma follows easily from the defining relations of the
braid group.
Lemma 2.1. The following relations hold in the group B2g+2.
(a) σk∆m = ∆mσk−1 and σ
−1
k ∆m = ∆mσ
−1
k−1 if 1 < k ≤ m;
(b) σk∆¯m = ∆¯mσk+1 and σ
−1
k ∆¯m = ∆¯mσ
−1
k+1 if 1 ≤ k < m;
(c) σk∆m = ∆mσk and σk∆¯m = ∆¯mσk if k > m+ 1; and
(d) ∆kg = ∆g−1∆
k−1
g σg−k+1 and ∆¯
k
g = σg−k+1∆¯
k−1
g ∆¯g−1 if 1 ≤ k ≤ g.
Lemma 2.2. In the braid group B2g+2, we have the following:
(a) The element β is equal to ∆¯g∆g∆¯
g
g−1; and
(b) The element ∆¯g∆g is in the centralizer of Bg; in particular, it
commutes with ∆¯gg−1.
Proof. We claim that ∆¯gg = ∆k∆¯
g−k
g ∆¯
k
g−1 for every 0 ≤ k ≤ g. First of
all, the claim holds trivially for k = 0. Suppose by induction that ∆¯gg =
∆k∆¯
g−k
g ∆¯
k
g−1. By Lemma 2.1 (d), we have ∆¯
g−k
g = σk+1∆¯
g−k−1
g ∆¯g−1.
Then we have
∆¯gg = ∆k∆¯
g−k
g ∆¯
k
g−1
= ∆kσk+1∆¯
g−k−1
g ∆¯g−1∆¯
k
g−1
= ∆k+1∆¯
g−(k+1)
g ∆¯
k+1
g−1.
In particular, ∆¯gg = ∆g∆¯
g
g−1. The proof of (a) follows.
For k < g, by Lemma 2.1, we have ∆¯g∆gσk = ∆¯gσk+1∆g = σk∆¯g∆g.
Now the proof of (b) follows.
Lemma 2.3. For every 0 ≤ k ≤ g − 1, we have
∆−12g−k∆¯
−1
k ∆¯k+1∆2g−k∆¯k+1∆2g−k−1 = ∆¯k∆2g−kγk,
where γk = ∆¯k∆2g−k−1∆
−1
2g−k−2∆¯
−1
k .
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Proof. We use Lemma 2.1 several times:
∆−12g−k ∆¯
−1
k ∆¯k+1∆2g−k∆¯k+1∆2g−k−1
= σ−12g−k · · ·σ
−1
k+2σ
−1
k+1∆
−1
k ∆¯
−1
k (∆¯k+1∆2g−k∆¯k+1∆2g−k−1)
= σ−12g−k · · ·σ
−1
k+2σ
−1
k+1(∆¯k+1∆2g−k∆¯k+1∆2g−k−1)∆
−1
k ∆¯
−1
k
= σ−12g−k · · ·σ
−1
k+3σ
−1
k+2∆¯k∆2g−k∆¯k+1∆2g−k−1∆
−1
k ∆¯
−1
k
= ∆¯kσ
−1
2g−k · · ·σ
−1
k+3σ
−1
k+2∆2g−k∆¯k+1∆2g−k−1∆
−1
k ∆¯
−1
k
= ∆¯k∆2g−kσ
−1
2g−k−1 · · ·σ
−1
k+2σ
−1
k+1∆¯k+1∆2g−k−1∆
−1
k ∆¯
−1
k
= ∆¯k∆2g−kσ
−1
2g−k−1 · · ·σ
−1
k+3σ
−1
k+2∆¯k∆2g−k−1∆
−1
k ∆¯
−1
k
= ∆¯k∆2g−k∆¯k∆2g−k−1σ
−1
2g−k−2 · · ·σ
−1
k+2σ
−1
k+1∆
−1
k ∆¯
−1
k
= ∆¯k∆2g−k∆¯k∆2g−k−1∆
−1
2g−k−2∆¯
−1
k
= ∆¯k∆2g−kγk.
The main result of this section is the next theorem.
Theorem 2.4. In the braid group B2g+2, we have the relation
β0β1β2 · · ·βgβ
2 = ∆2g+1∆2g · · ·∆3∆2∆1.
Proof. Recall that, for any h ≤ 2g + 2, we identify the group Bh with
the subgroup of B2g+2 generated by the elements σ1, σ2, . . . , σh−1.
The proof of the theorem is by induction on g. Suppose that g = 0.
In the group B2, β0 = ∆1∆
−1
0 and β = ∆0. Thus β0β
2 = ∆1. Hence,
the conclusion of the theorem holds for g = 0.
In the subgroup B2g of B2g+2, let us define
γk = ∆¯k∆2g−1−k∆
−1
2g−2−k∆¯
−1
k , 0 ≤ k ≤ g − 1
and
γ = ∆¯gg−1.
Then, by the induction hypothesis
γ0γ1γ2 · · · γg−1γ
2 = ∆2g−1∆2g−2 · · ·∆3∆2∆1.
Let us also define γg = 1 for the convention.
In the group B2g+2, we claim that
βkβk+1 · · ·βgβ
2 = ∆¯k∆2g+1−k∆¯k∆2g−kγkγk+1 · · · γg−1γgγ
2.
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The proof of this claim is by induction on g − k. We start with the
following computation:
βgβ
2 = ∆¯g∆g+1∆
−1
g ∆¯
−1
g (∆¯g∆g∆¯
g
g−1)
2
= ∆¯g∆g+1∆¯
g
g−1∆¯g∆g∆¯
g
g−1
= ∆¯g∆g+1∆¯g∆g(∆¯
g
g−1)
2
= ∆¯g∆g+1∆¯g∆gγgγ
2.
Hence, the claim holds for k = g. Suppose inductively that
βk+1βk+2 · · ·βgβ
2 = ∆¯k+1∆2g−k∆¯k+1∆2g−k−1γk+1γk+2 · · · γgγ
2.
Then by Lemma 2.3 we get
βkβk+1 · · ·βgβ
2
= ∆¯k∆2g+1−k(∆
−1
2g−k∆¯
−1
k ∆¯k+1∆2g−k∆¯k+1∆2g−k−1)γk+1γk+2 · · · γgγ
2
= ∆¯k∆2g+1−k∆¯k∆2g−kγkγk+1 · · · γgγ
2.
Hence, the claim is proved. For k = 0, in particular, we obtain
β0β1β2 · · ·βgβ
2 = ∆¯0∆2g+1∆¯0∆2gγ0γ1 · · · γgγ
2
= ∆2g+1∆2gγ0γ1 · · · γgγ
2
= ∆2g+1∆2g∆2g−1 · · ·∆3∆2∆1.
This finishes the proof of the theorem.
3. Mapping class groups
Let Σg be a closed connected orientable surface of genus g embed-
ded in R3 such that it is invariant under the involution J(x, y, z) =
(−x, y,−z) (cf. Fig. 4). Notice that J is the rotation about y-axis by
π. We orient Σg so that the unit normal vectors are pointing outward.
Let  be the isotopy class of J . Let us denote by Mg the mapping
class group of Σg which is the group of isotopy classes of orientation-
preserving diffeomorphisms of Σg. The hyperelliptic mapping class
group is defined as the centralizer CMg() of  in Mg, the subgroup
consisting of those the mapping classes that commute with .
Throughout this paper, we use functional notation. That is, for any
two mapping classes f and g, the multiplication fg means that g is
applied first.
For a simple closed curve a on the oriented surface Σg, by the abuse
of notation, a right Dehn twist about a and its isotopy class is denoted
by ta.
Let us consider the simple closed curves A1, A2, . . . , A2g+1 on Σg
defined as follows: A2k = bk, A1 = a1, A2k−1 = aka
−1
k+1, and A2g+1 = ag,
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where ak and bk are the curves shown in Fig. 4. Let tk denote the right
Dehn twist about Ak. The simple closed curves Ak are invariant under
J . It follows that Dehn twists t1, t2, . . . , t2g+1 commute with . Hence,
they are contained in the hyperelliptic mapping class group.
The involution J has 2g+2 fixed points. Hence, we have a branched
covering p : Σg → S
2 branching over 2g + 2 points. Let us mark these
2g + 2 points on S2, and let Σ0,2g+2 be the resulting surface. Notice
that the interior of each p(Ak) is an embedded arc on Σ0,2g+2 connect-
ing two distinct marked points and that it is disjoint from p(Al) for
k 6= l. Let us denote by wk the isotopy class of a right half twist about
p(Ak). Thus, if we orient the arc p(Ak) arbitrarily, then wk(p(Ak)) (de-
fined up to isotopy) is isotopic to the arc p(Ak)
−1. Therefore, w2k is the
right Dehn twist about the boundary component of a regular neighbor-
hood of p(Ak). It is well-known that the half twists w1, w2, . . . , w2g+1
generate the mapping class group M0,2g+2 of Σ0,2g+2 (cf. [1, Theorem
4.5]). Here, the group M0,2g+2 is defined to be the group of the isotopy
classes of the orientation-preserving diffeomorphisms of Σ0,2g+2 that
preserve the marked points setwise. The isotopies are assumed to fix
each marked point.
Theorem 3.1. The hyperelliptic mapping class group CMg() is gener-
ated by the Dehn twists t1, t2, . . . , t2g+1, the function given by Ψ(tk) =
wk on the generators defines a surjective homomorphism
Ψ : CMg()→ M0,2g+2,
and the kernel of Ψ is 〈〉, which is a subgroup of order 2.
Theorem 3.1 was proved by J. Birman and H. Hilden [2]. They also
obtained a presentation of the hyperelliptic mapping class group. Since
titj = tjti for |i−j| ≥ 2 and titi+1ti = ti+1titi+1 in the group CMg(), the
fact that t1, t2, . . . , t2g+1 generate CMg() implies that σk 7→ tk defines
a surjective homomorphism B2g+2 → CMg().
The following lemma is easy to prove (cf. Fig. 1 (a)).
Lemma 3.2. In the group M0,2g+2, the element (wk · · ·w2w1)
k+1 is
equal to the right Dehn twist about the boundary component of a regular
neighborhood of p(A1) ∪ p(A2) ∪ · · · ∪ p(Ak).
In order to state the main result of this section, let us consider the
simple closed curves Bk, a, b, and c illustrated in Fig. 2. Note that a
and b are defined for odd g, and c is defined for even g.
Lemma 3.3. The following relations hold in the mapping class group:
(a) tc = (tg · · · t2t1)
2(g+1) if g is even; and
(b) tatb = (tg · · · t2t1)
g+1 if g is odd.
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(  ) (  )a b
Figure 1. The words (σ5σ4σ3σ2σ1)
6 and ∆ in B6.
B
BB c
Bg
0
1 2
B
BB
Bg
0
1 2
a
b
Figure 2. The simple closed curves Bk, a, b and c.
Proof. Suppose that g is even. Consider the branched covering p :
Σg → S
2. Notice that p(c) is a simple closed curve on Σ0,2g+2. The
projection Ψ(tc) of tc to Σ0,2g+2 is the square of the Dehn twist about
p(c). This can be seen geometrically as follows. Consider the arcs
p(A1), p(A2), . . . , p(A2g+1). Since the surface obtained by cutting Σ0,2g+2
along these arcs is a disc without any marked points in the interior,
in order to show that Ψ(tc) = t
2
p(c), it is enough to check that the ac-
tions of Ψ(tc) and t
2
p(c) on these arcs are the same (up to isotopy). To
see the action of Ψ(tc) on an arc A
′, lift A′ to Σg, apply tc, and then
project it down to Σ0,2g+2 (cf. Fig. 3). Since tp(c) = (wg · · ·w2w1)
g+1
by Lemma 3.2, we conclude that Ψ(tc) = Ψ((tg · · · t2t1)
2(g+1)). Hence,
(tg · · · t2t1)
2(g+1) is equal to either tc or tc. We rule out the latter possi-
bility as follows. It is easily checked that (tg · · · t2t1)
2(g+1) acts trivially
on the first homology group H1(Σg;Z). The action of tc is also trivial
since c is null homologous. On the other hand,  acts as the minus
identity on H1(Σg;Z).
The part (b) is proved similarly.
8 MUSTAFA KORKMAZ
c
A t  (A)c
A' c A'Ψ(t  )(   )
Figure 3. Projection of the Dehn twist tc.
Theorem 3.4. In the mapping class group Mg, the following relations
between right Dehn twists hold:
(a) (tB0tB1tB2 · · · tBgtc)
2 = 1 if g is even;
(b) (tB0tB1tB2 · · · tBgt
2
at
2
b)
2 = 1 if g is odd.
Proof. In the mapping class groupMg of Σg, for each k = 0, 1, 2, . . . , g,
we define ∆k, ∆¯k, βk, and β as in Section 2 by replacing σi by ti. Recall
that ti is the (right) Dehn twist about the simple closed curve Ai.
Hence,
βk = (∆¯k∆2g−k)t2g+1−k(∆¯k∆2g−k)
−1.
It is easy to see that ∆¯i∆2g−i(A2g+1−i) = Bi. Since ftef
−1 = tf(e)
for any f ∈ Mg and for any simple closed curve e, we conclude that
βk = tBk . Also, by Lemma 3.3, β
2 = tc if g is even and β
2 = t2at
2
b if g is
odd. Let us define the word
W =
{
(tB0tB1tB2 · · · tBg tc)
2 if g is even,
(tB0tB1tB2 · · · tBg t
2
at
2
b)
2 if g is odd.
Hence, W = (β0β1 · · ·βgβ
2)2. Let ∆ = ∆2g+1∆2g · · ·∆2∆1. Since
titj = tjti for |i − j| ≥ 2 and titi+1ti = ti+1titi+1 by Theorem 2.4,
we obtain W = ∆2. Now the element Ψ(∆) is of order 2 in M0,2g+2
(cf. Fig. 1 (b) for g = 6), where Ψ is the epimorphism in Theorem
3.1. Hence, either ∆2 = 1 or ∆2 = . It is easy to verify that ∆2
acts trivially on the first homology group H1(Σg;Z) but  does not.
Therefore, W = 1.
This finishes the proof of the theorem.
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4. Noncomplex genus-g Lefschetz fibrations
In this section, we prove the main result of this paper. We assume
from now on that g ≥ 2. We construct a 4-manifold Xn a admitting
genus-g Lefschetz fibration with fundamental group Z ⊕ Zn for every
positive integer n. Then we conclude the main result of this paper
from the proof of the main result of [12]. As the model for a closed
connected oriented surface Σg, we will consider the one embedded in
R
3 as shown in Fig. 4.
For any two elements x and y in a group, we denote yxy−1 and
xyx−1y−1 by xy and [x, y], respectively.
Let us consider the word W in Mg defined by
W =
{
(tB0tB1tB2 · · · tBg tc)
2 if g is even,
(tB0tB1tB2 · · · tBg t
2
at
2
b)
2 if g is odd.
By Theorem 3.4, W = 1 in Mg. Since the conjugation of a right Dehn
twist with an element of Mg is again a right Dehn twist, the word W
f
is a product of right Dehn twists for any mapping class f . For each
positive integer n, we define
Wn =
{
WW ta1W ta2 · · ·W tar−1W t
n
arW tbr+2W tbr+3 · · ·W tbg if g = 2r,
WW t
n
3W t5W t7 · · ·W t2r+1W tbr+2W tbr+3 · · ·W tbg if g = 2r + 1,
where ai and bi are simple closed curves given in Fig. 4 (considered up
to isotopy). Note that Wn is a product of g(2g+ 4) (resp., g(2g+ 10))
right Dehn twists if g is even (odd).
The word Wn is equal to the identity in the mapping class group
Mg. Let X and Xn be the smooth 4-manifolds that admit the genus-g
Lefschetz fibrations over S2 whose global monodromies are W and Wn,
respectively. Thus, Xn is the fiber sum of g copies of X .
Theorem 4.1. The fundamental group π1(Xn) of Xn is isomorphic to
Z⊕ Zn.
Proof. Let ak and bk be the standard generators of π1(Σg) illustrated
in Fig. 4. By the theory of Lefschetz fibrations, π1(Xn) is isomorphic
to the quotient of π1(Σg) by the normal subgroup generated by the
vanishing cycles.
Suppose first that g = 2r. It is easy to check that up to conjugation
the following equalities hold in π1(Σg):
• B0 = b1b2 · · · bg;
• B2k−1 = akbkbk+1 · · · bg+1−kcg+1−kag+1−k, 1 ≤ k ≤ r;
• B2k = akbk+1bk+2 · · · bg−kcg−kag+1−k, 1 ≤ k ≤ r − 1;
• Bg = B2r = arcrar+1;
• c = cr = [a1, b1][a2, b2] · · · [ar, br].
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The vanishing cycles corresponding to W tak are the set
{akB0, . . . , akB2k−1, B2k, . . . , Bg, c}, 1 ≤ k ≤ r − 1.
Similarly, the vanishing cycles corresponding to W t
n
ar and W tbg+1−k are
{anrB0, . . . , a
n
rBg−1, Bg, c}
and
{B0, . . . , B2k−2, b
−1
g+1−kB2k−1, b
−1
g+1−kB2k, B2k+1, . . . , Bg, c}, 1 ≤ k ≤ r − 1,
respectively. It follows that the fundamental group of Xn has a pre-
sentation with generators a1, b1, a2, b2, . . . , ag, bg and relations
• Πgk=1[ak, bk] = 1;
• B0 = B1 = B2 = · · · = Bg = c = 1;
• a1 = a2 = · · · = ar−1 = a
n
r = br+2 = br+3 = · · · = bg = 1.
It is easy to see that this presentation is equivalent to the presentation
with generators ar, br and relations a
n
r = [ar, br] = 1.
Suppose now that g = 2r + 1. A similar argument as in the case
of even g shows that the fundamental group of Xn has a presentation
with generators a1, b1, a2, b2, . . . , ag, bg and relations
• Πgk=1[ak, bk] = 1;
• B0 = B1 = B2 = · · · = Bg = a = b = 1;
• (a2a
−1
1 )
n = a3a
−1
2 = a4a
−1
3 = · · · = ar+1a
−1
r = br+2 = br+3 = · · · =
bg = 1.
Since a = ar+1, this presentation is equivalent to the presentation with
generators a1, b1 and relations a
n
1 = [a1, b1] = 1.
This completes the proof of the theorem.
a
a a
bb b bccc
1
1
22 3
3
3 g
g2
c
a
1 g-1
y
Figure 4. Generators of the fundamental group.
The following theorem can be concluded from [12, proof of Theorem
1.3].
Theorem 4.2. Let M be an orientable 4-manifold such that b+2 (M) ≥
1 and π1(M) = Z⊕Zn. Then M does not carry any complex structure.
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Proof of Theorem 1.1. The smooth 4-manifold Xn admits a genus-g
Lefschetz fibration for every positive integer n. Since Xn is symplectic
by a result of R. Gompf [6], we have b+2 (Xn) ≥ 1. We showed above
that π1(Xn) = Z ⊕ Zn. Hence, the manifold Xn is not homeomorphic
to Xm for n 6= m. By Theorem 4.2, the manifold Xn and the manifold
obtained from it by reversing the orientation do not admit any complex
structure.
5. The 4-manifold admitting a Lefschetz fibration with
global monodromy W .
In this section, we determine the 4-manifold corresponding to the
word W given in Section 3.
The case of even g. Notice that simple closed curves B0, B1, . . . , Bg,
and c are invariant under the involution J . Hence, the genus-g Lef-
schetz fibration X → S2 with global monodromy W is is hyperelliptic.
Theorem 5.1 ([8],[9],[4],[11]). Let M be a 4-manifold that admits a
hyperelliptic Lefschetz fibration of genus g over S2. Let m and s =∑[g/2]
h=1 sh be the numbers of nonseparating and separating vanishing cy-
cles in the global monodromy of this fibration, respectively, where sh
denotes the number of separating vanishing cycles that separate the
genus-g surface into two surfaces one of which has genus h. Then the
signature of M is
σ(M) = −
g + 1
2g + 1
m+
[g/2]∑
h=1
(
4h(g − h)
2g + 1
− 1
)
sh.
Since there are 2g + 4 vanishing cycles, Euler characteristic of X is
χ(X) = 2(2 − 2g) + 2g + 4 = 8 − 2g. There are only two separating
vanishing cycles, and they bound a surface of genus g/2 on both sides.
Hence, the signature of X is
σ(X) = −
g + 1
2g + 1
(2g + 2) +
(
4 g
2
(g − g
2
)
2g + 1
− 1
)
2 = −4.
The group π1(X) has a presentation with generators a1, b1, . . . , ag, bg
and relations Πgk=1[ak, bk] = B0 = B1 = B2 = · · · = Bg = c = 1. It
is now easy to see that H1(X ;Z) = Z
g. In particular, b1(X) = g. It
follows from χ(X) = 8 − 2g and σ(X) = −4 that b+2 (X) = 1. By [14,
Remark 4.5(a)], X is diffeomorphic to Σg/2 × S
2#4CP 2 if g ≥ 6.
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The case of odd g. Suppose that g is at least 3 and odd. Let X → S2
be the genus-g Lefschetz fibration with global monodromy W . Since
there are 2g+10 singular fibers, the Euler characteristic ofX is χ(X) =
2(2 − 2g) + 2g + 10 = 14 − 2g. The fundamental group π1(X) of
X has a presentation with generators a1, b1, . . . , ag, bg and relations
Πgk=1[ak, bk] = B0 = B1 = B2 = · · · = Bg = a = b = 1. It is now easy
to see that H1(X ;Z) = Z
g−1. In particular, b1(X) = g − 1. Hence,
14− 2g = 2− 2b1(X) + b2(X) = 2− 2(g − 1) + b2(X);
that is, b2(X) = 10.
The manifold X is symplectic. Since 1 − b1 + b
+
2 is even for any
symplectic manifold, we conclude that b+2 (X) is odd and is between 1
and 9. Hence, b−2 (X) is also odd and is between 1 and 9.
We now determine the signature of X . A handlebody decomposition
for X is obtained as follows. Start with Σg × D
2, where D2 is the 2-
disc. Its boundary is Σg × S
1. Attach a 2-handle along each vanishing
cycle (by counting its multiplicity) with the −1 framing relative to the
product framing. The cores of the first two 2-handles attached along a
gives us a (−2)-sphere S1. Denote the class of S1 in H2(X ;R) by [S1].
Similarly, the cores of the second and the third 2-handles, and the third
and the fourth 2-handles give two (−2)-spheres S2 and S3. Note that
[S1][S3] = 0. Orient each Si so that [S1][S2] = [S2][S3] = −1. Similarly,
the four 2-handles glued along b give three (−2)-spheres S4, S5, S6 with
[S4][S5] = [S5][S6] = −1 and [S4][S6] = 0. Since a and b are disjoint,
[Si][Sj ] = 0 for 1 ≤ i ≤ 3 and 4 ≤ j ≤ 6. The first handles attached
along a and b give a surface S7 of genus (g−1)/2 such that [S7]
2 = −2,
[S7][S1] = [S7][S4] = −1, and [S7][Si] = 0 for i = 2, 3, 5, 6.
The homology classes [S1], . . . , [S7] are linearly independent. Hence,
they form a basis for a subspace V of H2(X ;R) of dimension 7. The
matrix of the intersection form restricted to V in the above basis is the
matrix −A, where
A =


2 1 0 0 0 0 1
1 2 1 0 0 0 0
0 1 2 0 0 0 0
0 0 0 2 1 0 1
0 0 0 1 2 1 0
0 0 0 0 1 2 0
1 0 0 1 0 0 2


It is easily check that the matrix A is positive definite. Hence, the
restriction of the intersection form to V is negative definite.
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On the other hand, we have [F ] 6= 0, [F ]2 = 0 and [F ] ∈ V ⊥, where
F is a generic fiber and V ⊥ is the orthogonal complement of V . Since
the restriction of the intersection form to V ⊥ is nondegenerate, there is
a class [S8] ∈ V
⊥ with [S8]
2 < 0. Thus, the restriction of the intersec-
tion form to the 8-dimensional subspace generated by [S1], . . . , [S8] is
negative definite. Therefore, b−2 (X) is at least 8, and hence b
−
2 (X) = 9,
since it is also odd. Consequently, we have b+2 (X) = 1 and σ(X) = −8.
Remarks 5.2. (1) Stipsicz [14] points out that when g is odd, the
manifold X that admits a Lefschetz fibration over S2 with global mon-
odromy W is diffeomorphic to Σ(g−1)/2 × S
2#8CP 2.
(2) R. Fintushel and R. Stern [5] constructed infinite classes of simply
connected homeomorphic but nondiffeomorphic symplectic manifolds,
all of which admit Lefschetz fibrations of a fixed fiber genus.
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